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SOME NEW SERIES FOR 1/pi AND RELATED
CONGRUENCES
ZHI-WEI SUN
Abstract. In this paper we prove some new series for 1/pi as well
as related congruences. We also raise several new kinds of series
for 1/pi and present some related conjectural congruences involving
representations of primes by binary quadratic forms.
1. Introduction
In 1914 S. Ramanujan [12] (see also [4]) recorded 17 hypergeometric
series for 1/pi with six of them as follows:
∞∑
k=0
5k + 1
(−192)k
(
2k
k
)2(
3k
k
)
=
4√
3 pi
, (R1)
∞∑
k=0
7k + 1
648k
(
2k
k
)2(
4k
2k
)
=
9
2pi
, (R2)
∞∑
k=0
65k + 8
(−632)k
(
2k
k
)2(
4k
2k
)
=
9
√
7
pi
, (R3)
∞∑
k=0
6k + 1
256k
(
2k
k
)3
=
4
pi
, (R4)
∞∑
k=0
6k + 1
(−512)k
(
2k
k
)3
=
2
√
2
pi
, (R5)
∞∑
k=0
42k + 5
4096k
(
2k
k
)3
=
16
pi
. (R6)
For the techniques to prove them, see [6, 3, 2]. L. van Hamme [19]
noted that such series usually have corresponding p-adic congruences.
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In this paper we will present some new kinds of series for 1/pi and give
related congruences.
Our main results are as follows.
Theorem 1.1. (i) We have
∞∑
n=0
n
32n
n∑
k=0
(
2k
k
)2(
2n− 2k
n− k
)2
=
2
pi
, (1.1)
∞∑
n=0
n
54n
n∑
k=0
(
2k
k
)(
3k
k
)(
2(n− k)
n− k
)(
3(n− k)
n− k
)
=
√
3
pi
, (1.2)
∞∑
n=0
n
128n
n∑
k=0
(
4k
2k
)(
2k
k
)(
4(n− k)
2(n− k)
)(
2(n− k)
n− k
)
=
√
2
pi
, (1.3)
∞∑
n=0
n
864n
n∑
k=0
(
6k
3k
)(
3k
k
)(
6(n− k)
3(n− k)
)(
3(n− k)
n− k
)
=
1
pi
. (1.4)
(ii) Let p be an odd prime. Then
p−1∑
n=0
n
32n
n∑
k=0
(
2k
k
)2(
2(n− k)
n− k
)2
≡0 (mod p3), (1.5)
p−1∑
n=0
n
128n
n∑
k=0
(
4k
2k
)(
2k
k
)(
4(n− k)
2(n− k)
)(
2(n− k)
n− k
)
≡0 (mod p2). (1.6)
If p > 3, then
p−1∑
n=0
n
54n
n∑
k=0
(
2k
k
)(
3k
k
)(
2(n− k)
n− k
)(
3(n− k)
n− k
)
≡0 (mod p2), (1.7)
p−1∑
n=0
n
864n
n∑
k=0
(
6k
3k
)(
3k
k
)(
6(n− k)
3(n− k)
)(
3(n− k)
n− k
)
≡0 (mod p2). (1.8)
Remark 1.1. For n ∈ N = {0, 1, 2, . . .}, define
an :=
1
(2n− 1)(3n
n
) n∑
k=0
(
6k
3k
)(
3k
k
)(
6(n− k)
3(n− k)
)(
3(n− k)
n− k
)
.
The author ever conjectured that an ∈ Z for all n = 0, 1, 2, . . ., and
limn→+∞ n
√
an = 64. This was confirmed by V.J.W. Guo [9].
Theorem 1.2. We have
∞∑
n=0
9n+ 2
(−216)n
n∑
k=0
(
2k
k
)(
3k
k
)(
2(n− k)
n− k
)(
3(n− k)
n− k
)
=
8√
3 pi
. (1.9)
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Also,
2F1
(
1/3, 2/3
1
∣∣∣∣−18
)2
=
1
4
2F1
(
1/3, 2/3
1
∣∣∣∣−18
)
2F1
(
4/3, 5/3
2
∣∣∣∣−18
)
+
4√
3pi
,
(1.10)
where
2F1
(
a, b
c
∣∣∣∣z
)
:= 1 +
∞∑
n=1
( n−1∏
k=0
(a+ k)(b+ k)
(k + 1)(c+ k)
)
zn.
Theorem 1.3. We have
∞∑
n=0
n
128n
(
2n
n
)
pn(4) =
√
2
pi
, (1.11)
∞∑
n=0
8n+ 1
576n
(
2n
n
)
pn(4) =
9
2pi
, (1.12)
∞∑
n=0
8n+ 1
(−4032)n
(
2n
n
)
pn(4) =
9
√
7
8pi
, (1.13)
where
pn(x) :=
n∑
k=0
(
2k
k
)2(
2(n− k)
n− k
)
xn−k (n = 0, 1, 2, . . .). (1.14)
Remark 1.2. In Section 4 we will present many conjectural series for
1/pi involving pn(x).
Theorem 1.4. We have
∞∑
n=0
n
4n
n∑
k=0
(−1/4
k
)2(−3/4
n− k
)2
=
4
√
3
9pi
, (1.15)
∞∑
n=0
9n+ 2
(−8)n
n∑
k=0
(−1/4
k
)2(−3/4
n− k
)2
=
4
pi
, (1.16)
∞∑
n=0
9n+ 1
64n
n∑
k=0
(−1/4
k
)2(−3/4
n− k
)2
=
64
7
√
7pi
. (1.17)
There are many series for 1/pi of the form
∞∑
k=0
(bk + c)
(
2k
k
)
ak
mk
=
C
pi
,
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where ak, b, c, C and m 6= 0 are real numbers. We note that if m > 8
or m < 0 then
∞∑
n=0
(bmn+2b+(m−4)c)
(
2n
n
)
a∗n
(4 −m)n = (m−4)
√
m− 4
m
∞∑
k=0
(bk+c)
(
2k
k
)
ak
mk
,
(1.18)
where a∗n =
∑n
k=0
(
n
k
)
(−1)kak. This is easy, because
∞∑
n=0
(bmn + 2b+ (m− 4)c)
(
2n
n
)
a∗n
(4−m)n
=
∞∑
n=0
(bmn + 2b+ (m− 4)c)
(
2n
n
)
(4−m)n
n∑
k=0
(
n
k
)
(−1)kak
=
∞∑
k=0
(−1)kak
∞∑
n=k
(bmn + 2b+ (m− 4)c)
(
2n
n
)(
n
k
)
(4−m)n
=
∞∑
k=0
(−1)kak
(
(m− 4)
√
m− 4
m
(bk + c)
(
2k
k
)
(−m)k
)
(
since
(
2n
n
)(
n
k
)
= (−4)n
(−1/2
n
)(
n
k
)
= (−4)n−k
(
2k
k
)(−1/2− k
n− k
))
=(m− 4)
√
m− 4
m
∞∑
k=0
(bk + c)
(
2k
k
)
ak
mk
.
We will show Theorems 1.1-1.3 in the next section, and prove Theo-
rem 1.4 in Section 3. Section 4 contains some new kinds of conjectures
on series for 1/pi or related congruences. Note that we have explained
in [17] and [18] how the author found some new series for 1/pi.
2. Proofs of Theorems 1.1-1.3
Lemma 2.1. ([16, Lemma 3.1]) For any n = 0, 1, 2, . . . we have
n∑
k=0
(
2k
k
)3(
k
n− k
)
(−16)n−k =
n∑
k=0
(
2k
k
)2(
2(n− k)
n− k
)2
. (2.1)
Remark 2.1. Z.-H. Sun [13] proved that for any n ∈ N we have
n∑
k=0
(
2k
k
)2(
3k
k
)(
k
n− k
)
(−27)n−k
=
n∑
k=0
(
2k
k
)(
3k
k
)(
2(n− k)
n− k
)(
3(n− k)
n− k
)
,
(2.2)
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n∑
k=0
(
4k
2k
)(
2k
k
)2(
k
n− k
)
(−64)n−k
=
n∑
k=0
(
4k
2k
)(
2k
k
)(
4(n− k)
2(n− k)
)(
2(n− k)
n− k
)
,
(2.3)
n∑
k=0
(
6k
3k
)(
3k
k
)(
2k
k
)(
k
n− k
)
(−432)n−k
=
n∑
k=0
(
6k
3k
)(
3k
k
)(
6(n− k)
3(n− k)
)(
3(n− k)
n− k
)
.
(2.4)
Actually (2.1)-(2.4) can be easily deduced from the classical Clausen
identity (cf. [1, p. 116]) for hypergeometric series.
Proof of Theorem 1.1. Let σ denote the left-hand side of (1.1). Then
σ =
∞∑
k=0
(
2k
k
)2 ∞∑
n=k
n
32n
(
2(n− k)
n− k
)2
=
∞∑
k=0
(
2k
k
)2
32k
∞∑
j=0
k + j
32j
(
2j
j
)2
.
By Mathematica,
∞∑
k=0
(
2k
k
)2
32k
=
√
pi
Γ(3/4)2
and
∞∑
k=0
k
(
2k
k
)2
32k
=
2
√
pi
Γ(1/4)2
,
where Γ(x) is the well-known Γ-function. By a known forumla,
Γ
(
1
4
)
Γ
(
3
4
)
=
pi
sin(pi/4)
=
√
2 pi.
So we have
σ =
∞∑
k=0
(
2k
k
)2
32k
(
k
√
pi
Γ(3/4)2
+
2
√
pi
Γ(1/4)2
)
=
√
pi
Γ(3/4)2
· 2
√
pi
Γ(1/4)2
+
2
√
pi
Γ(1/4)2
·
√
pi
Γ(3/4)2
=
2pi
2pi2
+
2pi
2pi2
=
2
pi
.
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Similarly, using Mathematica we find
∞∑
k=0
(
2k
k
)(
3k
k
)
54k
=
√
pi
Γ(2/3)Γ(5/6)
and
∞∑
k=0
k
(
2k
k
)(
3k
k
)
54k
=
2
√
pi
Γ(1/6)Γ(1/3)
,
∞∑
k=0
(
4k
2k
)(
2k
k
)
128k
=
√
pi
Γ(5/8)Γ(7/8)
and
∞∑
k=0
k
(
4k
2k
)(
2k
k
)
128k
=
2
√
pi
Γ(1/8)Γ(3/8)
,
∞∑
k=0
(
6k
3k
)(
3k
k
)
864k
=
√
pi
Γ(7/12)Γ(11/12)
and
∞∑
k=0
k
(
6k
3k
)(
3k
k
)
864k
=
2
√
pi
Γ(1/12)Γ(5/12)
.
Thus we can prove (1.2)-(1.4) in the way we show (1.1).
(ii) Let S denote the left-hand side of (1.5). By Lemma 2.1, we have
S =
p−1∑
n=0
n
32n
n∑
k=0
(
2k
k
)3(
k
n− k
)
(−16)n−k
=
p−1∑
k=0
(
2k
k
)3
32k
p−1−k∑
j=0
(k + j)
(
k
j
)
(−16)j
32j
.
If (p− 1)/2 < k 6 p − 1, then p | (2k
k
)
and hence
(
2k
k
)3 ≡ 0 (mod p3).
If 0 6 k 6 (p− 1)/2, then p− 1− k > k and hence
p−1−k∑
j=0
(k + j)
(
k
j
)
1
(−2)j
=k
k∑
j=0
(
k
j
)
1
(−2)j +
k
−2
k−1∑
j=1
(
k − 1
j − 1
)
1
(−2)j−1
=
k
2k
− k
2
· 1
2k−1
= 0.
So, by the above we have S ≡ 0 (mod p3).
Similarly, by using (2.2)-(2.4) we can easily prove (1.6)-(1.8).
The proof of Theorem 1.1 is now complete. 
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Proof of Theorem 1.2. Let S denote the left-hand side of (1.9). In view
of (2.2), we have
S =
∞∑
n=0
9n+ 2
(−216)n
n∑
k=0
(
2k
k
)2(
3k
k
)(
k
n− k
)
(−27)n−k
=
∞∑
k=0
(
2k
k
)2(3k
k
)
(−216)k
k∑
j=0
(9(k + j) + 2)
(
k
j
)
(−27)j
(−216)j
=
∞∑
k=0
(
2k
k
)2(3k
k
)
(−216)k
(
(9k + 2)
k∑
j=0
(
k
j
)
1
8j
+
9k
8
k−1∑
j=1
(
k − 1
j − 1
)
1
8j−1
)
=
∞∑
k=0
(
2k
k
)2(3k
k
)
(−216)k (9k + 2 + k)
9k
8k
= 2
∞∑
k=0
5k + 1
(−192)k
(
2k
k
)2(
3k
k
)
=2× 4√
3pi
=
8√
3 pi
(by Ramanujan’s series (R1)).
This proves (1.9). On the other hand,
S =
∞∑
k=0
(
2k
k
)(
3k
k
)
(−216)k
∞∑
n=k
9n+ 2
(−216)n−k
(
2(n− k)
n− k
)(
3(n− k)
n− k
)
=
∞∑
k=0
(
2k
k
)(
3k
k
)
(−216)k
∞∑
j=0
9(k + j) + 2
(−216)j
(
2j
j
)(
3j
j
)
=
∞∑
k=0
(
2k
k
)(
3k
k
)
(−216)k
(
(9k + 2)
∞∑
j=0
(
2j
j
)(
3j
j
)
(−216)j + 9
∞∑
j=0
j
(
2j
j
)(
3j
j
)
(−216)j
)
=18
∞∑
k=0
k
(
2k
k
)(
3k
k
)
(−216)k
∞∑
j=0
(
2j
j
)(
3j
j
)
(−216)j + 2
( ∞∑
k=0
(
2k
k
)(
3k
k
)
(−216)k
)2
.
Note that
∞∑
k=0
(
2k
k
)(
3k
k
)
(−216)k = 2F1
(
1/3, 2/3
1
∣∣∣∣−18
)
and
∞∑
k=0
k
(
2k
k
)(
3k
k
)
(−216)k = −
1
36
2F1
(
4/3, 5/3
2
∣∣∣∣−18
)
.
So we also have (1.10). This concludes the proof. 
Lemma 2.2. For all n ∈ N we have(
2n
n
)
pn(4) =
n∑
k=0
(
4k
2k
)(
2k
k
)2(
k
n− k
)
(−64)n−k. (2.5)
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Proof. Define
un =
1(
2n
n
) n∑
k=0
(
4k
2k
)(
2k
k
)2(
k
n− k
)
(−64)n−k
for n = 0, 1, 2, . . .. It is easy to see that u0 = p0(4) = 1 and u1 =
p1(4) = 12. By the Zeilberger algorithm (cf. [11, pp. 101-119]), we find
via Mathematica that
(n+ 2)2un+2 = 4(8n
2 + 24n+ 19)un+1 − 256(n+ 1)2un
and
(n + 2)2pn+2(4) = 4(8n
2 + 24n+ 19)pn+1(4)− 256(n+ 1)2pn(4)
for all n = 0, 1, 2, . . .. Therefore, un = pn(4) for all n ∈ N. 
Proof of Theorem 1.3. By (2.3) and (2.5), (1.11) is equivalent to (1.3).
In view of (2.4) and (2.5),
∞∑
n=0
8n + 1
576n
(
2n
n
)
pn(4)
=
∞∑
n=0
8n + 1
576n
n∑
k=0
(
4k
2k
)(
2k
k
)2(
k
n− k
)
(−64)n−k
=
∞∑
k=0
(
4k
2k
)(
2k
k
)2
576k
k∑
j=0
(8(k + j) + 1)
(
k
j
)(−64
576
)j
=
∞∑
k=0
(
4k
2k
)(
2k
k
)2
576k
(
(8k + 1)
k∑
j=0
(
k
j
)
1
(−9)j −
8k
9
k∑
j=1
(
k − 1
j − 1
)
1
(−9)j−1
)
=
∞∑
k=0
(
4k
2k
)(
2k
k
)2
576k
((8k + 1)− k)
(
1− 1
9
)k
=
∞∑
k=0
(7k + 1)
(
4k
2k
)(
2k
k
)2
648k
=
9
2pi
(by (R2)).
So (1.12) holds. Similarly, by using (R3) we can prove (1.13).
The proof of Theorem 1.3 is now complete. 
3. Proof of Theorem 1.4
Lemma 3.1. For any n ∈ N we have
64n
n∑
k=0
(−1/4
k
)2(−3/4
n− k
)2
=
n∑
k=0
(
2k
k
)3(
2(n− k)
n− k
)
16n−k. (3.1)
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Proof. Let un denote the left-hand side or the right-hand side of (3.1).
It is easy to see that u0 = 1 and u1 = 40. By the Zeilberger algorithm
we find the recurrence relation
(n+2)3un+2 = 8(2n+3)(8n
2+24n+21)un+1−4096(n+1)3un (n ∈ N).
So, by induction, (3.1) holds for all n = 0, 1, 2, . . .. 
Lemma 3.2. For any number m with |m| > 4, we have
∞∑
k=0
(
2k
k
)
mk
=
√
m
m− 4 and
∞∑
k=0
k
(
2k
k
)
mk
=
2
m− 4
√
m
m− 4 . (3.2)
Proof. Clearly
(
2k
k
)
=
(
−1/2
k
)
(−4)k for all k ∈ N. Thus
∞∑
k=0
(
2k
k
)
mk
=
∞∑
k=0
(−1/2
k
)(
− 4
m
)k
=
(
1− 4
m
)−1/2
=
√
m
m− 4
and
∞∑
k=0
k
(
2k
k
)
mk
=
∞∑
k=1
k
(−1/2
k
)(
− 4
m
)k
=− 1
2
(
− 4
m
) ∞∑
k=1
(−1/2− 1
k − 1
)(
− 4
m
)k−1
=
2
m
(
1− 4
m
)−3/2
=
2
m− 4
√
m
m− 4 .
This concludes the proof. 
Proof of Theorem 1.4. We reduce (1.15)-(1.17) to (R4)-(R6) respec-
tively. Below we just give a detailed proof of (1.17). (1.15) and (1.16)
can be proved in a similar way.
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Let S denote the left-hand side of (1.17). In view of Lemmas 3.1-3.2
and (R6),
S =
∞∑
n=0
9n+ 1
642n
n∑
k=0
(
2k
k
)3(
2(n− k)
n− k
)
16n−k
=
∞∑
k=0
(
2k
k
)3
4096k
∞∑
j=0
9(k + j) + 1
256j
(
2j
j
)
=
∞∑
k=0
(
2k
k
)3
4096k
(
(9k + 1)
√
256
252
+ 9× 2
252
√
256
252
)
=
4
7
√
7
∞∑
k=0
42k + 5
4096k
(
2k
k
)3
=
4
7
√
7
× 16
pi
=
64
7
√
7 pi
.
So (1.17) holds. 
4. Some related conjectures
Recall that the Euler numbers E0, E1, E2, . . . are integers defined by
E0 = 1 and
n∑
k=0
2|k
(
n
k
)
En−k = 0 (n = 1, 2, 3, . . .).
In view of Theorem 1.1, we raise the following conjecture.
Conjecture 4.1. Let p be an odd prime. Then
p−1∑
n=0
n
32n
n∑
k=0
(
2k
k
)2(
2n− 2k
n− k
)2
≡ −2p3Ep−3 (mod p4).
When p > 3, we also have
p−1∑
k=0
n+ 1
8n
n∑
k=0
(
2k
k
)2(
2n− 2k
n− k
)2
≡(−1)(p−1)/2p+ 5p3Ep−3 (mod p4),
p−1∑
k=0
2n+ 1
(−16)n
n∑
k=0
(
2k
k
)2(
2n− 2k
n− k
)2
≡(−1)(p−1)/2p+ 3p3Ep−3 (mod p4).
Remark 4.1. . In [14, 15], the author established some basic p-adic
congruences involving Ep−3.
Motivated by Theorem 1.3, we pose the following conjecture.
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Conjecture 4.2. We have
∞∑
k=0
k − 1
72k
(
2k
k
)
pk(4) =
9
pi
, (4.1)
∞∑
k=0
4k + 1
(−192)k
(
2k
k
)
pk(4) =
√
3
pi
, (4.2)
∞∑
k=0
k − 2
100k
(
2k
k
)
pk(6) =
50
3pi
, (4.3)
∞∑
k=0
k
(−192)k
(
2k
k
)
pk(−8) = 3
2pi
, (4.4)
∞∑
k=0
6k − 1
256k
(
2k
k
)
pk(12) =
8
√
3
pi
, (4.5)
∞∑
k=0
17k − 224
(−225)k
(
2k
k
)
pk(−14) =1800
pi
, (4.6)
∞∑
k=0
15k − 256
289k
(
2k
k
)
pk(18) =
2312
pi
, (4.7)
∞∑
k=0
20k − 11
(−576)k
(
2k
k
)
pk(−32) =90
pi
, (4.8)
∞∑
k=0
10k + 1
(−1536)k
(
2k
k
)
pk(−32) =3
√
6
pi
, (4.9)
∞∑
k=0
3k − 2
640k
(
2k
k
)
pk(36) =
5
√
10
pi
, (4.10)
∞∑
k=0
12k + 1
1600k
(
2k
k
)
pk(36) =
75
8pi
, (4.11)
∞∑
k=0
24k + 5
3136k
(
2k
k
)
pk(−60) =49
√
3
8pi
, (4.12)
∞∑
k=0
14k + 3
(−3072)k
(
2k
k
)
pk(64) =
6
pi
, (4.13)
∞∑
k=0
20k − 67
(−3136)k
(
2k
k
)
pk(−192) =490
pi
, (4.14)
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∞∑
k=0
7k − 24
3200k
(
2k
k
)
pk(196) =
125
√
2
pi
, (4.15)
∞∑
k=0
5k − 32
(−6336)k
(
2k
k
)
pk(−392) =495
2pi
, (4.16)
∞∑
k=0
66k − 427
6400k
(
2k
k
)
pk(396) =
1000
√
11
pi
, (4.17)
∞∑
k=0
34k − 7
(−18432)k
(
2k
k
)
pk(−896) =54
√
2
pi
, (4.18)
∞∑
k=0
24k − 5
18496k
(
2k
k
)
pk(900) =
867
16pi
. (4.19)
Remark 4.2. (4.5) also appeared in [17, Conjecture 1.5].
Conjecture 4.3. For n = 0, 1, 2, . . . define
Sn(x) =
n∑
k=0
(
n
k
)(
2k
k
)(
2n− 2k
n− k
)
xn−k.
Then we have
∞∑
k=0
12k + 1
400k
(
2k
k
)
Sk(16) =
25
pi
, (4.20)
∞∑
k=0
10k + 1
(−384)k
(
2k
k
)
Sk(−16) =8
√
6
pi
, (4.21)
∞∑
k=0
170k + 37
(−3584)k
(
2k
k
)
Sk(64) =
64
√
14
3pi
, (4.22)
∞∑
k=0
476k + 103
3600k
(
2k
k
)
Sk(−64) =225
pi
, (4.23)
∞∑
k=0
140k + 19
4624k
(
2k
k
)
Sk(64) =
289
3pi
, (4.24)
∞∑
k=0
1190k + 163
(−4608)k
(
2k
k
)
Sk(−64) =576
√
2
pi
. (4.25)
Remark 4.3. Note that
Sn(−1) =
{(
n
n/2
)2
if 2 | n,
0 if 2 ∤ n.
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Also,
Sn(1) =
⌊n/2⌋∑
k=0
(
n
2k
)(
2k
k
)2
4n−2k.
The two identities can be easily proved via the Zeilberger algorithm.
Identities of the form
∞∑
n=0
bn + c
mn
(
2n
n
) ⌊n/2⌋∑
k=0
(
n
2k
)(
2k
k
)2
4n−2k =
C
pi
were recently investigated in [5].
Conjecture 4.4. Define
sn(x) :=
n∑
k=0
(
n
k
)(
n + 2k
2k
)(
2k
k
)
x−(n+k) for n = 0, 1, 2, . . .
Then
∞∑
k=0
(7k + 2)
(
2k
k
)
sk(−9) = 9
√
3
5pi
, (4.26)
∞∑
k=0
(9k + 2)
(
2k
k
)
sk(−20) = 4
pi
, (4.27)
∞∑
k=0
(95k + 13)
(
2k
k
)
sk(36) =
18
√
15
pi
, (4.28)
∞∑
k=0
(310k + 49)
(
2k
k
)
sk(−64) = 32
√
15
pi
, (4.29)
∞∑
k=0
(495k + 53)
(
2k
k
)
sk(196) =
70
√
7
pi
, (4.30)
∞∑
k=0
(13685k + 1474)
(
2k
k
)
sk(−324) = 1944
√
5
pi
, (4.31)
∞∑
k=0
(3245k + 268)
(
2k
k
)
sk(1296) =
1215√
2pi
, (4.32)
∞∑
k=0
(6420k + 443)
(
2k
k
)
sk(5776) =
1292
√
95
9pi
. (4.33)
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Also,
∞∑
n=0
357n+ 103
2160n
(
2n
n
) n∑
k=0
(
n
k
)(
n+ 2k
2k
)(
2k
k
)
(−324)n−k =90
pi
,
(4.34)
∞∑
n=0
n
3645n
(
2n
n
) n∑
k=0
(
n
k
)(
n + 2k
2k
)(
2k
k
)
486n−k =
10
3pi
.
(4.35)
Remark 4.4. (4.34) also appeared in [17, Conjecture 1.7]. The use of
the polynomials
∑n
k=0
(
n
k
)(
n+2k
2k
)(
2k
k
)
xn−k (n ∈ N) was inspired by an
identity of MacMahon [10, p. 122] which states that
n∑
k=0
(
n
k
)(
n + 2k
2k
)(
2k
k
)
(−4)n−k =
n∑
k=0
(
n
k
)3
for all n = 0, 1, 2, . . . .
Conjectures 4.2-4.4 were motivated by our investigation of related
congruences. For example, (4.35) was inspired by the following conjec-
ture.
Conjecture 4.5. Let p > 5 be a prime. Then
p−1∑
n=0
(
2n
n
)
3645n
n∑
k=0
(
n
k
)(
n+ 2k
2k
)(
2k
k
)
486n−k
≡


4x2 − 2p (mod p2) if p ≡ 1, 4 (mod 15) & p = x2 + 15y2 (x, y ∈ Z),
2p− 12x2 (mod p2) if p ≡ 2, 8 (mod 15) & p = 3x2 + 5y2 (x, y ∈ Z),
0 (mod p2) if ( p
15
) = −1,
where (−) denotes the Jacobi symbol. Also,
p−1∑
n=0
n
(
2n
n
)
3645n
n∑
k=0
(
n
k
)(
n+ 2k
2k
)(
2k
k
)
486n−k
≡ 16p
81
((−1
p
)
−
(
5
p
))
(mod p2).
Remark 4.5. For any prime p > 5 with ( p
15
) = 1, it is known (see, e.g.,
[8]) that p can be written in the form x2 + 15y2 with x, y ∈ Z (or the
form 3x2 + 5y2 (x, y ∈ Z)) if p ≡ 1, 4 (mod 15) (or p ≡ 2, 8 (mod 15),
respectively).
Now we pose a very curious conjecture.
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Conjecture 4.6. Let p > 3 be a prime, and set
Rp :=
1
p
p−1∑
n=0
6n+ 1
(−1728)n
(
2n
n
) n∑
k=0
(
n
k
)(
n+ 2k
2k
)(
2k
k
)
(−324)n−k.
Then
R2p ≡
512(10
p
)− 27(−15
p
)− 475
10
(mod p).
If p > 5, then
p−1∑
n=0
(
2n
n
)
(−1728)n
n∑
k=0
(
n
k
)(
n+ 2k
2k
)(
2k
k
)
(−324)n−k
≡


4x2 − 2p (mod p2) if p ≡ 1, 7 (mod 24) & p = x2 + 6y2 (x, y ∈ Z),
8x2 − 2p (mod p2) if p ≡ 5, 11 (mod 24) & p = 2x2 + 3y2 (x, y ∈ Z),
0 (mod p2) if (−6
p
) = −1, i.e., p ≡ 13, 17, 19, 23 (mod 24).
Remark 4.6. For any prime p > 3 with (−6
p
) = 1, it is known (cf. [8])
that p can be written in the form x2 + 6y2 with x, y ∈ Z (or the form
2x2 + 3y2 (x, y ∈ Z)) if p ≡ 1, 7 (mod 24) (or p ≡ 5, 11 (mod 24),
respectively).
A sequence of polynomials {Pn(q)}n>0 with integer coefficients is said
to be q-logconvex if for each n = 1, 2, 3, . . . all the coefficients of the
polynomial Pn−1(q)Pn+1(q)−Pn(q)2 ∈ Z[q] are nonnegative. In view of
Conjecture 4.3 and [17, Section 6], we propose the following conjecture.
Conjecture 4.7. {Pn(q)}n>0 is q-logconvex if Pn(q) has one of the
following three forms:
n∑
k=0
(
n
k
)2(
n + k
k
)
qk, Sn(q) =
n∑
k=0
(
n
k
)(
2k
k
)(
2(n− k)
n− k
)
qk,
and
Dn(q) =
n∑
k=0
(
n
k
)2(
2k
k
)(
2(n− k)
n− k
)
qk.
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